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ABSTRACT

To date, the most efficient solver used in the
petroleum industry for the resolution of linear systems in
reservoir simulation is the generalized conjugate-gradient
acceleration method called Bi-CGSTAB. However,
difficulties still appear in matrix resolution when the Bi-
CGSTAB method is used without an appropriate
preconditioner.
Moreover, most effective preconditioners are very costly in
terms of memory consumption and the high recursivity of
their algorithm is often a problem on vector computers.
In this study, a variant of the Incomplete Block LU
Factorization coupled with Bi-CGSTAB has been
implemented in a multipurpose reservoir simulator. It
provides an efficient solver with low memory cost well
suited for difficult problems such as heterogeneous or dual
permeability models with local grid refinement. The
algorithm has been vectorized and is therefore highly
efficient on supercomputers such as Cray or Fujitsu. The
factorization is based on a special matrix ordering by
blocks in which Incomplete LU factorization is performed.
This sorting varies according to the problem.
This paper describes the definition of the matrix blocks in
different cases (regular or refined grid blocks, fractured
reservoir). Numerical results are presented for several real
reservoir applications and show the robustness of this
techn ique compared wi th conven t iona l ILU
preconditioners.

INTRODUCTION

In the last 10 years, important technology advances
drastically increased the computing power available for
reservoir simulation. At the same time, features of
reservoir simulators became more and more complex.
Nowadays, full field sophisticated EOR models such as

compositional, thermal, dual porosity and permeabili
models, coupled with fully implicit numerical schemes, ar
commonly used in reservoir simulation. As problem siz
increases, the linear solver often dominates the to
execution time. Then, direct solvers cannot be us
because of the huge memory and CPU requiremen
Moreover, with use of local grid refinement around wells
the Jacobian matrices generated by simulators are no m
block-banded matrices with constant bandwidth.
Acceleration methods based on Krylov algorithms we
developed and adapted for reservoir simulations
overcome these difficulties. In the following section, w
present a standard acceleration method commonly use
reservoir simulation. This method has been improved
an appropriate preconditioner for very ill-conditione
linear systems which is presented thereafter. Then, so
simulation experiments carried out with differen
resolution methods are discussed.

BI-CGSTAB AND ILU PRECONDITIONER

1. The Bi-CGSTAB Algorithm

Krylov algorithms are among the fastest and most robu
iterative solvers for a wide variety of applications.
The Bi-CGSTAB method developed by Van der Vorst[1] as
a variant of the Bi-CG algorithm[2] is one of the most
efficient and economic solver within the Krylov family of
non-symmetric solvers.
The basic idea, as in all the Krylov algorithms, is th
projection of the original set of equation on a
increasing Krylov subspace , where is th
initial residue for an initial guess .

 (1)

Ax b=
Ki A r0,( ) r 0

x0

r0 b Ax0–=
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 (2)

The resulting set of equations is then solved and the
projected solution is used to correct the solution of the
original problem. The projection operator is computed so
that satisfies the relation whereP
andQ are polynomial functions ofA. P is the Bi-CG
polynomial that creates anA-orthogonal Krylov basis and

where the are
defined recursively so as to minimize .
Thus, Bi-CGSTAB can be seen as the product of Bi-CG
and GMRES(1) or GCR(1)[ 6 ] . Due to the loca l
minimization, Bi-CGSTAB displays a much smoother
convergence than Bi-CG and does not use the transpose
operator ofA.

2. The ILU preconditioner

Overall performance of Krylov methods can be improved
when one uses preconditioning. Instead of solving the
system , the system is

solved where is an approximation to
and is easier to compute. Since only matrix-vector
products are needed for the Bi-CGSTAB method, it is not
necessary to explicitly form . By rewriting the steps
of the algorithm, only two new computational steps‘solve
u from Mu = v’are introduced[1].
Currently, a wide variety of preconditioners are available.
Attention must be focused on the fact that changing the
preconditioner changes the convergence criteria, which is
based on the size of the residue. The preconditioner choice
is computer (scalar or vector machines) dependent as well
as problem dependent.
A broad class of preconditioners is based on incomplete
factor izat ion of the coeffic ient matr ix . Such a
preconditioner is then given in a factorized formM = LU
with L lower andU upper triangular matrices. The
efficiency of the preconditioner depends how wellM
approximatesA.
The point incomplete factorization ILU(0) preconditioner
can be seen in two ways:
The first is to perform a Gaussian elimination ofA and
store on ly g iven e lements , usua l ly so that the
preconditioner has the same sparsity pattern asA.
The second is to have a preconditionerP with same
sparsity pattern as A, and to compute the elements ofP by
minimizing the norm of(I - PA).
The ILU(0) factorization is a good candidate for reservoir
simulation matrix preconditioning and is recommended
for most problems, especially on scalar machines.
However, for difficult problems such as heterogeneous or
dual permeability models, it may not converge. Moreover,
in the absence of signi ficant vector izat ion, this
preconditioner is not suitable for vector computers.

BLOCK FACTORIZATION

Severa l au thors proposed var ian ts o f ILU
preconditioners[9] . Well known examples are block
SOR[3][8] and the nested factorization algorithm[4].
Recently, Meyerink[5] has proposed an incomplete bloc
factorization of the matrix for a three dimensional cas
with a regular geometry. The differential equation i
approximated by a five point finite difference equation an
the first-order convective term is discretized using th
usual upstream formulation.
The Bi-CGSTAB algorithm is applied to the entire
Jacobian matrix generated by discretization of both ma
balance equations and well constraint equations (with t
well coupling option). However, it is not necessary to hav
a preconditioner for the well terms, since they are not
p rob lem for B i -CGSTAB convergence . The
preconditioned matrixA is then partitioned as follow:

 (3)

Fig. 1-Matrix coefficients for a 3x3x4 grid.

The algorithm of the block factorization can be describe
as follow:
A LU factorization is computed on the first diagonal bloc
A11. The factorization is exact because diagonal blocks a
tridiagonal submatrices. Then, elements ofL2 andL3 below
the first diagonal block are eliminated. To keep the sam
sparsity pattern as matrixA, only the diagonal ofA-1

11and
the two codiagonals above and below this one are used
eliminate these elements. This process is applied to
other diagonal blocks.
This block factorization gives an attractive alternative
standard incomplete LU(0) preconditioners for thre
reasons:
1. The algorithm can easily bevectorizedbecause of the

Ki A r0,( ) r 0 Ar0 A2r0 … A
i
r0,,,,{ }=

r j r j Pj A( )Qj A( )r 0=

Qi x( ) 1 ω1x–( ) 1 ω2x–( )… 1 ωi x–( )= ωi

r i Pi A( )Qi A( )r 0=

Ax b= M1
1– AM2

1– M2x( ) M1
1– b=

M 1– M2
1– M1

1–= A 1–

AM2
1–

A D L1 U1 L2 U2 L3 U3+ + + + + +=

U3U2U1D

A =

L3 L2 L1 D
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defined block structure.
2. It requiresless memory space. In fact, only the LU
factorization of the diagonal blocks are stored (two
diagonals for a normalized Jacobian matrixA).
3. This preconditioner ismore efficient than incomplete
LU(0) because the factorization of the diagonal blocks is
exact. For a diagonally dominant matrix, this improves the
convergence behaviour of Bi-CGSTAB.

GRID REFINEMENT

Advanced reservoir simulators enable complex 3-D local
grid refinement with several levels of subgridding so that
the structure of the Jacobian matrix is no more regular.

Fig. 2-Example of grid refinement.

This paper describes generalisation of Block factorization
algorithm to an irregular matrix generated by a local grid
refinement.
First, a privileged direction is computed. This is the
direction for which the sum of transmissivities is the
highest. Generally, the privileged direction is the Z
direction because of the cell dimensions. Then, pseudos
blocks are defined. A block contains all cells connected in
the privileged direction. This leads to determine n blocks
of different sizes without connection between them in the
privileged direction. A ILU(0) factorization is then
performed on each submatrix. Note that the factorization
may be incomplete if grid refinement generate connections
in the privileged direction. The chosen preconditioner is
the block diagonal matrixM, with as blocks submatrices
Mi,j where:
Mi,i is a NixNi ILU(0) factorization of ieme blocks.
Mi,j ,  is a zero matrix elsewhere.

DUAL PERMEABILITY MODEL

With the dual permeability option, the structure of the
matrix is:

 (4)

describes the matrix-matrix exchanges. It is a ze
matrix in a dual porosity-single permeability model,
banded matrix when dual permeability and regula
geometry options are used.

describes the fracture-fracture exchanges. It is
banded matrix in case of regular geometry.

and describes the matrix-fracture exchanges.
case of a regular geometry, they are banded matrices
their coefficients cause the matrixA to be ill-conditioned
because it is not a diagonally dominant matrix any mor
Conventional ILU preconditioners are not good candidat
for a dual permeability case because Bi-CGSTAB ma
have an irregular convergence behaviour. Moreover, d
permeability model generally includes a high number
cells because of the two media and vector aspects beco
prenominent.
The previous block LU factorization can be generalize
for dual permeability cases. The principle does not chan
The preconditioner is a diagonal blocks matrix. Th
diagonal blocks are built with both the connections of ce
in the direction of the highest sum of transmissivities an
the matrix-fracture and fracture-matrix connections.

CODE IMPLEMENT ATION

The block LU factorization has been implemented
ATHOS[10] multipurpose reservoir simulator for regula
and refined geometry, black-oil, compositional, single an
dual permeability models. For almost all tests run,
preconditioner built from the pressure equations
sufficient even with a fully implicit numerical scheme
But, for very difficult compositional models, it may be
necessary to have a preconditioner for the entire Jacob
matrix A. Construction of the preconditioner and it
application have both been vectorized which made eas
the optimization of Fortran compilers even on scala
machines.

NUMERICAL RESUL TS

To measure the efficiency of the block LU factorization
three test problems based on field study were carried
on different machines. For each problem, three resoluti
methods were compared: B i -CGSTAB wi thou
preconditioner, with ILU(0) preconditioner and block LU
preconditioner.
Firstly, a representative Jacobian matrix has been extrac
on which the different method behaviours are highlighte
Figures show the decimal logarithm of the relative residu

i j≠( )

A
MM MF

FM FF

=

MM

FF

MF FM
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norm versus the number of iterations. The relative residual
norm at iteration i is defined as:

 (5)

In this equation,r i is the residue at iteration i andr0 the
residue of the arbitrary initial guess.
Secondly, graphs were drawn to show the cumulative
number of solver iterations versus the simulated time.
Values were taken from the simulation numerical reports.
Such an information is directly connected with the solver
robustness tested during the simulation. A good method
should lead to a smooth shaped curve which a low slope
straight line fit.
Thirdly, CPU times are presented for the whole simulation
using the three methods on IBM RS6000 and Fujitsu
VP2400. These are the measured cpu times per successful
time step and per cell. A time step is validated when no
problem has occurred with the solver convergence (a
maximum number of solver iteration is defined), the
Newton’s balance and the maximum variation of pressure
and saturation. Thus, a successful time step can include
several time step cuts and reruns which increase its
measured cpu time.

Problem 1.

This is a dual permeability case dealing with black-oil 3-
phase flow. It is a 25,476 cell father grid with 5 subgrids
and 3 refinement levels.

Fig. 3-Example 1: Convergence behaviours.

There are 9,053 active cells in the matrix and 2,170 act
cells in the fracture (the others are dead cells). A
explained above, the dual permeability features result
ill-conditioned Jacobian matrices.
Actually, as shown in Fig. 3, the non preconditioned solv
has a slow convergence behaviour compared with othe
the relative residual norm drops below 10-5 (stopping
criterion) after 359 iterations.
The two preconditioners considerably decrease the num
of iterations needed for convergence. Their behaviours
quite similar but the block LU preconditioner may iterat
less than the other one (respectively 20 and 24).

Fig. 4-Example 1: Resolution profile.

The Fig. 4 shows that the non preconditioned solv
iterates nearly 200,000 times for a 700 day simulation. T
periods when convergence problems occur correspond
the near-vertical parts of the curve. There are no su
variation for the two other solver curves. So, the numbe
of iterations for the ILU(0) and block LU preconditioner
are much lower (respectively 35,000 and 10,000 at tim
700 days).
On the IBM RS6000 scalar machine, these differences
confirmed at the whole simulation scale by the CPU tim
presented in Tab le 1 . Never the less , b lock L
preconditioner appears to be faster than its compar
behaviour should let us expect. On Fujitsu VP2400, t
poor vector capabilities of the ILU(0) preconditione
decrease its performance. On the other hand, block
preconditioner remains the most effective method.

ε r i r 0⁄=
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Problem 2.

This is the SPE9 Comparative Solution Project problem,
An Expanded Three-Dimensional Problem with a
Geostatistical Distribution of Permeability. This is an
heterogeneous case dealing with black-oil 3-phase flow
with a 9,000 cell regular grid.

Fig. 5-Example 2: Convergence behaviours.

As shown in Fig. 5, the three methods have a quite regular
convergence behaviour and the maximum number of
iterations is only 64 for the non preconditioned solver with
a 10-7 stopping criterion. Then, the use of preconditioners
is not as effective as in the first example (16 and 23
iterat ions respectively for block LU and ILU(0)
preconditioners).
In Fig. 6, the three curves have similar shapes. Thus,
during simulation, the preconditioners reduce the number
of solver iterations in a nearly constant way. These
reduction factors are respectively 2.8 and 3.3 for the
ILU(0) and block LU preconditioners.

Fig. 6-Example 2: Resolution profile.

On IBM RS6000, the CPU times presented in Table 2 f
the two preconditioners are close, more or less twice
small as in the third method.
On the other hand, the block LU preconditioner and th
non precondit ioned method real ize nearly equ
performances on the Fujitsu VP2400 machine. So, blo
LU preconditioner remains a good candidate for this ca
even on vector machine.

Problem 3.

This is a multi component case using a 10,603 cell gr
with local grid refinement (17 subgrids and 3 refineme
levels).
In addition to grid refinement that damages the Jacobi
matrix conditionement, vertical transmissivities appear
be much higher than the horizontal ones. That may expl
the ILU(0) preconditioner ineffectiveness for that case.

Resolution methods IBM RS 6000 FUJI VP2400

block LU 2.9 ms 0.570 ms

ILU(0) 11.3 ms 1.96 ms

No Preconditioner 23.5 ms 1.42 ms

Table 1: CPU times per time step and per cell.

Resolution methods IBM RS 6000 FUJI VP2400

block LU 0.9 ms 0.21 ms

ILU(0) 1.1 ms 0.31 ms

No Preconditioner 2.0 ms 0.20 ms

Table 2: CPU times per time step and per cell.
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Fig. 7-Example 3: Convergence behaviours.

Fig. 8-Example 3: Resolution profile.

As we can see in Fig. 7, it takes 415 iterations to conver
with a 10-5 stopping criterion, much less than the no
preconditioned solver (305 iterations). Due to the bloc
LU algorithm, the high vertical transmissivities (in tha
case, Z is the privileged direction) are no more a proble
and the convergence is obtained after 128 iterations. N
that no method has a smooth convergence behavio
which is the sign of a difficult case anyway.
For this case, Fig. 8 is particularly interesting. The ILU(0
preconditioner corresponds to the winding curve, meani
that a lot of convergence problems have been encounte
(42,800 iterations for one year). The non precondition
solver has three critical periods near times 140, 190 a
280 days (20,250 i terat ions). But the block LU
preconditioner results in a perfect curve (3,650 iteration
Therefore, the way it takes into account geometry a
physical aspects of this problem clearly improves th
quality of the simulation.

CPU times presented in Table 3 complete the preced
observations. ILU(0) preconditioner is the worst metho
on scalar and vector machines. Concurrently, th
robustness of the block LU preconditioner is proved sin
it is the fastest method on both machines again.

CONCLUSIONS

1. A new robust and vectorized preconditioner is propos
for reservoir simulation. It is based on a LU block
factorization. The construction of the blocks depends
geometry and physics simulated by the model.

2. The block LU factorization is cheaper than convention
preconditioner in terms of storage requirements and CP
consumptions.

3. It can be easily implemented in an industrial reservo
simulator and vectorized without memory or computin
time overhead.

4. The block structure of this preconditioner is well suite
for matrix structures of different physical problems and s
it considerably improves the convergence behaviour of B
CGSTAB.

Resolution methods IBM RS 6000 FUJI VP2400

block LU 8.7 ms 0.85 ms

ILU(0) 24.9ms 4.06 ms

No Preconditioner 23.2 ms 1.66 ms

Table 3: CPU times per time step and per cell.
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